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CONTRACTIBLE 3-MANIFOLDS AND POSITIVE SCALAR
CURVATURE (I)
JIAN WANG
Abstract. In this work we prove that the Whitehead manifold has no
complete metric of positive scalar curvature. This result can be general-
ized to the genus one case. Precisely, we show that no contractible genus
one 3-manifold admits a complete metric of positive scalar curvature.
1. Introduction
If (Mn, g) is a Riemannian manifold, its scalar curvature is the sum of all
sectional curvatures. A complete metric g over M is said to have positive
scalar curvature (hereafter, psc) if its scalar curvature is positive for all
x ∈ M . There are many topological obstructions for a smooth manifold to
have a complete psc metric.
For example, from the proof of Thurston’s geometrization conjecture in
[Per02a, Per02b, Per03], if (M3, g) is a compact 3-manifold with positive
scalar curvature, then M is a connected sum of some spherical 3-manifolds
and some copies of S1×S2. Recently, Bessie`res, Besson and Maillot [BBM11]
obtained a similar result for (non-compact) 3-manifolds with uniformly pos-
itive scalar curvature and bounded geometry.
A fundamental question is how to classify the topological structure of
non-compact 3-manifolds with positive scalar curvature. Let us consider
contractible 3-manifolds. Take an example, R3 admits a complete metric g1
with positive scalar curvature, where
g1 =
3∑
k=1
(dxk)
2 + (
3∑
k=1
xkdxk)
2.
So far, R3 is the only known contractible 3-manifold which admits a complete
psc metric. This suggests the following question:
Question Is any complete contractible 3-manifold with positive scalar cur-
vature homeomorphic to R3 ?
Note that for a compact 3-manifold, its topological structure is fully de-
termined by its homotopy type. However, it is known from [Whi35] that
the topological structure of contractible 3-manifolds is much more compli-
cated. For example, the Whitehead manifold (constructed in [Whi35]) is a
contractible 3-manifold but not homeomorphic to R3.
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In order to explain the construction of the Whitehead manifold, let us
introduce the concept of a meridian curve. A meridian γ ⊂ ∂N of the closed
solid torus N is an embedded circle which is nullhomotopic in N but not
contractible in ∂N (See Definition 2.2).
The Whitehead manifold is constructed from the Whitehead link. Recall
that the Whitehead link is a link with two components illustrated in the
below figure:
Figure 1.
Choose a compact unknotted solid torus T1 in S
3. The closed complement
of the solid torus inside S3 is another solid torus. Take a second solid torus T2
inside T1 so that the core K2 of T2 forms a Whitehead link with any meridian
of the solid torus T1. Similarly, T2 is an unknotted solid torus. Then, embed
T3 inside T2 in the same way as T2 lies in T1 and so on infinitely many times.
Define T∞ := ∩
∞
k=1Tk, called the Whitehead Continuum.
Note that each Tk is an unknotted solid torus in S
3. Define the closed
solid torus Nk as the complement of Tk in S
3.
Figure 2.
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The Whitehead manifold is defined as Wh := S3 \ T∞ which is a non-
compact manifold without boundary. It also could be written as the in-
creasing union of closed solid tori {Nk}k. This follows from the symmetry
of the Whitehead link.
Variation on the construction, like changing the knot at each step k, gives
the family of so-called genus one 3-manifolds, introduced in [McM62] (See
Definition 2.13). Note that R3 is not genus one but genus zero, since it is
an increasing union of 3-balls. The construction can also be extended to the
higher genus case [McM62].
An interesting question is whether the Whitehead manifold admits a com-
plete metric with positive scalar curvature. In this article we answer nega-
tively:
Theorem 1.1. The Whitehead manifold does not admit any complete metric
with positive scalar curvature.
The Whitehead manifold is the simplest example of contractible genus
one 3-manifolds. This result can be extended to the genus one case:
Theorem 1.2. No contractible genus one 3-manifold admits a complete
metric with positive scalar curvature.
It is classical that minimal surface theory gives the topological informa-
tions about 3-manifolds. This fact appeared in Schoen-Yau’s works [SY79b,
SY82] as well as in Gromov-Lawson’s [GL83] and various other authors.
For the proof of Theorem 1.2, we argue by contradiction. Suppose that
(M,g) is a complete Riemannian manifold of positive scalar curvature, where
M := ∪k=0Nk is a contractible genus one 3-manifold and {Nk} is an ascend-
ing family of closed solid tori (See Theorem 2.14).
As in various works, our first step is to construct minimal surfaces in the
complete Riemannian manifold (M,g). Let us consider a meridian γk ⊂ ∂Nk
(See Definition 2.2). Roughly speaking, it is spanned by an embedded stable
minimal disc Ωk in Nk. Its existence is ensured by the work of Meeks and
Yau (See [MY80, MY82] or Theorem 6.28 of [CM11]), when ∂Nk is mean
convex.
Let us describe the simplest case that Ωk converges to a complete stable
minimal surface Σ. Note that, by a result of Schoen and Yau [SY82], the
surface Σ is conformally diffeomorphic to R2.
We show in this article that the number of connected components of
Ωk∩N1 intersectingN0 goes to infinity as k goes to infinity (See Section 3 and
4). Therefore, the number of connected components of Σ ∩N1 intersecting
N0 is infinite.
By a result of Meeks and Yau [MY80], each of these components contains
a definite amount of area. The contradiction comes from an extrinsic ver-
sion of Cohn-Vossen’s inequality for a complete stable minimal surface (See
Theorem 5.10), that is:
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∫
Σ
κ(x)dv ≤ 2π
where κ is the scalar curvature on M and dv is the volume form of the
induced metric. Since the scalar curvature on N1 is bounded away from
zero, this inequality is in contradiction with the infinite area contained in
Σ ∩N1.
If ∂Nk is not mean convex, we modify the metric in a small neighbor-
hood of ∂Nk so that for this new metric it becomes mean convex. Then
Ωk is minimal for this new metric and for the original one away from the
neighborhood of ∂Nk (near Nk−1, for example), which is sufficient for our
proof.
Unfortunately, in general, Ωk sub-converges to a lamination L := ∪t∈ΛLt,
instead of a single surface. It may have infinitely many leaves. However, we
know that each leaf Lt is a complete (non-compact) stable minimal surface
(See Section 5.2).
The geometry of the leaf of the lamination L is influenced by the extrinsic
version of Cohn-Vossen’s inequality [Theorem 5.10] but also by the topolog-
ical property of M [Definition 3.3]. These two aspects give an interesting
fact (See Lemma 6.1):
(H): There is a positive integer k0 so that for any k > k0 and any t ∈ Λ,
any circle in Lt ∩ ∂Nk is null-homotopic in ∂Nk.
The reason is as follows: Suppose that there exists a sequence {kn} of
increasing integers and a sequence {Ltn} of leaves so that for each n, Ltn ∩
∂Nkn has at least one non-nullhomotopic circle in ∂Nkn . Similar to the
property of the sequence {Ωk}k, we know that the number of connected
component of Ltn ∩N1 intersecting N0 goes to infinity as kn goes to infinity
(See Definition 3.3 and Theorem 4.2).
The sequence {Ltn} sub-converges to some leaf Lt∞ in the lamination
L . The sub-convergence is ensured by a result of Schoen [Sch83] and the
extrinsic Cohn-Vossen’s inequality [Theorem 5.10]. Therefore, Lt∞ ∩N1 has
infinitely many components intersecting N0. As in the above case, each
component has a definite amount of area. The extrinsic Cohn-Vesson’s in-
equality gives a contradiction.
Let us now explain how to deduce a contradiction from the above facts.
We show that for any k > k0 + 1, Ωk ∩ ∂Nk0+1 contains a closed curve
which is not contractible in ∂Nk0+1 (See Lemma 2.12). Roughly, these non-
nullhomotpic circles in ∂Nk0+1 sub-converge to some circle in L ∩ ∂Nk0+1
which is not nullhomotopy in ∂Nk0+1, as Ωk sub-converges to the lamination
L . That is to say, some leaf Lt has a closed curve in ∂Nk0+1 which is not
contractible in ∂Nk0+1. This is in contradiction with the fact (H).
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In our proof, the convergence theory of minimal surfaces and the extrin-
sic version of Cohn-Vossen’s inequality [Theorem 5.10] are repeatedly used.
When applying them, we encounter several difficulties
The first one is the issue about convergence. For the sequence of minimal
surfaces {Ωk} as mentioned above, there is no available uniform local area
bound (See Subsection 5.2), which is necessary and crucial when considering
the convergence of such a sequence in the classical sense. To overcome
this obstacle, we then consider the convergence towards laminations (See
[CM04]).
The main question is the properness of each leaf in this lamination. We
know that each leaf is a complete (non-compact) embedded stable minimal
surface. These surfaces were intensively studied in [Fis85], [FCS80] and
[SY82]. In these works we assume that (X3, g) is a complete 3-manifold of
positive scalar curvature and Σ ⊂ X is a complete (non-compact) embedded
stable minimal surface.
Schoen and Yau [SY82] porved that Σ is diffeomorphic to R2. Fischer-
Colbrie [Fis85] proved that Σ is conformally equivalent to a complete surface
of positive curvature. Together with the Cohn-Vossen’s inequality [Coh35],
we obtain an extrinsic Cohn-Vossen inequality in Theorem 5.10. It implies
that each leaf in the lamination is proper. For other applications of the
Cohn-Vossen’s inequality, see [Oss64].
The plan of this paper is as follows. When applying the minimal hypersu-
face technique to a contractible 3-manifold, we must combine its topological
property and its geometric structure.
For the first part of the paper, we describe the topological properties of
contractible 3-manifolds. In Section 2, we begin with related background
from knot theory and 3-manifolds, such as the geometric index and genus
one 3-manifolds. In Section 3, we focus on embedded discs in the Whitehead
manifold. An interesting fact is that the behavior of these embedded discs
is related to the geometric index. Their relation is clarified by Theorem
3.2. Based on this relation, we introduce a new topological property, called
Property P and we show that any contractible genus one 3-manifold satisfies
this property in Section 4.
In the second part, we treat minimal surfaces and related questions in
Section 5.
For the third part, we give the proofs of the main theorems . In Section
6, we point out that for a contractible genus one 3-manifold, the existence
of complete psc metrics and Property P can be related through the limit of
a sequence of minimal surfaces as mentioned above. Combining all these ,
we finish the proof of Theorem 1.2 in Section 7.
2. background
2.1. Simply connected at infinity.
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Definition 2.1. A topological space M is simply connected at infinity if for
any compact set K ⊂ M , there exists a compact set K ′ containing K so
that the induced map π1(M \K
′)→ π1(M \K) is trivial.
For example, the Whitehead manifold is not simply-connected at infinity
from [Whi35].
The Poincare´ conjecture [Per02a, Per02b, Per03] tells us any contractible
3-manifold is irreducible (Namely, any embedded 2-sphere in the 3-manifold
bounds a closed 3-ball). By a classical theorem [Sta72] of Stallings, one
knows that the only contractible and simply-connected at infinity 3-manifold
is R3. As a consequence, the Whitehead manifold is not homeomorphic to
R3.
2.2. Knots basics. In this part, we focus on Knot theory in the solid torus.
We begin with a meridian curve of the solid torus. In the following, we
suppose that N is a closed solid torus.
Definition 2.2. An embedded circle γ ⊂ ∂N is called a meridian of the
closed solid torus N if γ is not contractible in ∂N but nullhomotopic in N .
An embedded disc (D, ∂D) ⊂ (N, ∂N) is a meridian disc if ∂D is a merid-
ian of N .
Remark 2.3. The kernel of the induced map π1(∂N) → π1(N) is isomor-
phic to Z. Each meridian γ of N belongs to the kernel. Since γ is an
embedded circle, it is a generator of the kernel. Therefore, meridians of N
are unique, up to homotopy and orientation.
In addition, there is an embedded circle θ ⊂ ∂N so that [γ] and [θ]
generate H1(∂N), where γ is a meridian of N .
Definition 2.4. An embedded circle θ ⊂ ∂N is called a longitude of N if,
for any meridian γ, [γ] and [θ] generate H1(∂N,Z).
A knot K ⊂ Int N is called a trivial knot in the solid torus N if there
exists an embedded disc D ⊂ Int N with boundary K.
Remark that, as a knot, any longitude is isotopic to the core of N in N .
In the following, let us consider two closed solid tori N ′ and N satisfying
that (1)N ′ ⊂ Int N ; (2) N ′ is homotopically trivial in N . Using the Mayer-
Vietoris sequence, one has
Lemma 2.5. If the closed solid torus N ′ ⊂ Int N is homotopically trivial
in the closed solid torus N , then H1(N \N ′) = Z
2 and the kernel of the
induced map H1(∂N
′)→ H1(N \N ′) is generated by a longitude of N
′.
Proof. Applying the Mayer-Vietoris sequence to the spaceN = (N \N ′)
⋃
∂N ′ N
′,
one has the long exact sequence:
H2(N)→ H1(∂N
′)→ H1(N
′)⊕H1(N \N ′)→ H1(N)→ Hˆ0(∂N
′).
First we know that H2(N) and Hˆ0(∂N
′) are both trivial. By computations,
H1(N \N ′) is isomorphic to Z
2 and generated by any meridian γ′ of N ′ and
a longitude of N .
POSITIVE SCALAR CURVATURE I 7
In addition, the image of the map H1(∂N
′)→ H1(N \N ′) is a subgroup
of rank one which is generated by the meridian γ′ of N ′. The kernel of
H1(∂N
′)→ H1(N \N ′) is also of rank one and generated by [θ
′], where the
circle θ′ ⊂ N ′ is an embedded cirlce. Therefore, H1(∂N
′) is generated by
[γ′] and [θ′]. By Definition 2.4, θ′ is a longitude of N ′. That is to say, the
longitude θ′ is a generator of the kernel of H1(∂N
′)→ H1(N \N ′). 
2.3. Properties of The Whitehead manifold. As in Introduction, the
Whitehead manifold is defined as Wh := S3 \ ∩∞k=0Tk. Let Nk be the com-
plement of Tk, an closed solid torus. Wh can also written as an increasing
union of {Nk}.
Remark 2.6. The Whitehead manifold has the following properties:
(1) The core Kk of Nk is a non-trivial knot in the solid torus Nk+1.
Furthermore, the link Kk∐γk+1 is a Whitehead link for each merid-
ian γk+1 of Nk+1. This is a consequence of the symmetry of the
Whitehead link.
(2) Each Kk is unknotted in S
3. For each j > k, Kk is nullhomotpic in
Nj but a non-trivial knot in Nj.
2.4. Geometric Index.
Definition 2.7. [Sch53] If N ′ ⊂ Int N are solid tori, the geometric index
of N ′ in N , I(N ′, N), is the minimal number of points of the intersection of
the core of N ′ with a meridian disk of N .
For example, in Wh, the geometric index I(Nk, Nk+1) = 2 for each k,
where Nk is illustrated as in Subsection 2.3.
See [Sch53] for the following results about the geometric index.
1) Let N0, N1, and N2 be solid tori so that N0 ⊂ Int N1 and N1 ⊂ Int N2.
Then I(N0, N2) = I(N0, N1)I(N1, N2).
2) If N0 and N1 are unknotted solid tori in S
3 with N0 ⊂ Int N1, and if
N0 is homotopically trivial in N1, then I(N0, N1) is even.
In the following, the Loop lemma will be used several times.
Lemma 2.8. (See [Theorem 3.1, Page 54] in [Hat00]) Let M be a 3-
manifold with boundary ∂M , not necessarily compact or orientable. If there
is a map f : (D2, ∂D2) → (M,∂M) with the property that f |∂D2 is not
nullhomotopic in ∂M . Then there is an embedding with the same property.
Corollary 2.9. Let N ′ and N be two closed solid tori with N ′ ⊂ Int N .
If the core K of N ′ is a trivial knot in N , then there is a meridian disc
(D, ∂D) ⊂ (N \N ′, ∂N). Moreover, I(N ′, N) is equal to zero.
Proof. Let D0 ⊂ Int N be the embedded disc with boundaryK and γ ⊂ ∂N
a meridian of N . The group π1(N \D0) is isomorphic to π1(N). Therefore,
γ is nullhomotopic in N \D0. It is also contractible in N \K.
The inclusion map π1(N \N
′)→ π1(N \K) is an isomorphism. Therefore,
γ is nullhomotopic in N \N ′ but not contractible in ∂N . Lemma 2.8 allows
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us to find an embedded disc (D, ∂D) ⊂ (N \N ′, ∂N). The boundary ∂D is
a meridian. The disc D is the required candidate in the assertion.
By Definition 2.7, I(N ′, N) is equal to zero. 
In the following, let us consider two solid tori N ′ ⊂ Int N satisfying 1)
N ′ is homotopically trivial in N ; 2) the geometric index I(N ′, N) > 0.
Lemma 2.10. Suppose that the closed solid torus N ′ ⊂ Int N is homo-
topically trivial in the closed solid torus N . If I(N ′, N) > 0, then the two
induced maps i1 : π1(∂N)→ π1(N \N
′) and i2 : π1(∂N
′)→ π1(N \N ′) are
both injective.
Proof. Suppose that either i1 or i2 is not injective.
If i1 is not injective, we use Lemma 2.8 to find an embedded disc (D1, ∂D1) ⊂
(N \N ′, ∂N) where γ1 := ∂D1 is not nullhomotopic in ∂N . By the defini-
tion of meridian disc (See Definition 2.2), D1 is a meridian disc of N with
D1∩N
′ = ∅. Therefore, the index I(N ′, N) is equal to zero. This contradicts
our assumption that I(N ′, N) > 0.
If i2 is not injective, Lemma 2.8 gives an embedded disc (D2, ∂D2) ⊂
(N \N ′, ∂N ′). The embedded circle θ := ∂D2 is not contractible in ∂N
′.
Since θ bounds an embedded disc D2 ⊂ N \N
′, it is a trivial knot in N .
Furthermore, [θ] belongs to the kernel of the map H1(∂N
′)→ H1(N \N ′).
From Lemma 2.5, θ is a longitude of N ′.
Recall that as a knot, any longitude of N ′ is isotopic to the core K of N ′.
Therefore, K is isotopic to θ and a trivial knot in N . From Corollary 2.9,
I(N ′, N) = 0. This is a contradiction and finishes the proof. 
We now introduce some notations about the circles in a disc.
Definition 2.11. Let C := {ci}i∈I be a finite set of pairwise disjoint circles
in the disc D2 and Di ⊂ D
2 the unique disc with boundary ci. Consider the
set {Di}i∈I and define a partially ordered relation induced by the inclusion.
({Di}i∈I ,⊂) is a partially ordered set. For each maximal element Dj in
({Di}i∈I ,⊂), its boundary cj is defined as a maximal circle in C. For each
minimal element Dj , its boundary cj is called a minimal circle in C.
Lemma 2.12. Suppose that the closed solid torus N ′ ⊂ Int N is homotopi-
cally trivial in the closed solid torus N . If I(N ′, N) > 0, then any meridian
disc D of N contains a meridian of N ′.
Proof. Suppose that the closed meridian disc D intersects ∂N ′ transversally.
D∩∂N ′ is a disjoint union of circles {ci}i∈I . Each ci bounds a unique closed
disc Di ⊂ Int D.
Consider the set Cnon := {ci | ci is not contractible in ∂N
′} and the set
Cmax = {ci| ci is a maximal circle in {ci}i∈I}.
We will show that Cnon is nonempty and a minimal circle in Cnon is a
desired meridian.
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Suppose the contrary that Cnon is empty. Therefore, each ci ∈ C
max is
contractible in ∂N ′ and bounds a disc D′i ⊂ ∂N
′. Consider the immersed
disc
Dˆ := (D \ ∪ci∈CmaxDi) ∪ (∪ci∈CmaxD
′
i)
with boundary γ (γ is a meridian of N). Since Dˆ ∩ Int N ′ = ∅, we see that
γ is contractible in N \N ′.
However, Lemma 2.10 shows that π1(∂N)→ π1(N \N ′) is injective. That
is to say, [γ] = 0 in π1(∂N). This contradicts our hypothesis that γ is a
meridian. We can conclude that Cnon 6= ∅.
In the following, we will prove that each minimal circle cj in C
non is
a required meridian. By Definition 2.2, it is sufficient to show that cj is
contractible in N ′. Our method is to construct an immersed disc Dˆj ⊂ N
′
with boundary cj .
Let us consider the set Cj := {ci |ci ⊂ Int Dj for i ∈ I} and the subset
Cmaxj of maximal circles in Cj . Now we have two cases: Cj = ∅ or Cj 6= ∅.
Case I: If Cj is empty, we consider the set Z := Int Dj and define the
disc Dˆj as Int Dj .
Case II: If Cj is not empty, then C
max
j is also nonempty. From the
minimality of cj in C
non, each ci ∈ C
max
j is nullhomotopic in ∂N
′ and
bounds a disc D′′i ⊂ ∂N
′.
Define the set Z := Int Dj \ ∪ci∈Cmaxj Di and the new disc Dˆj := Z ∪
(∪ci∈Cmaxj D
′′
i ) with boundary cj .
Let us explain why the disc Dˆj is contained in N
′. In any case, ∂N ′ cuts
N into two connected components, Int N ′ and N \N ′. The set Z is one of
these components Int Dj \∂N
′. Therefore it must be contained in Int N ′ or
N \N ′.
If Z is in N \N ′, then the disc Dˆj is contained in N \N ′. This shows that
cj is contractible in N \N ′. However, Lemma 2.10 gives that the induced
map π1(∂N
′)→ π1(N \N ′) is injective. That is to say, cj is homotopically
trivial in ∂N ′. This contradicts the choice of cj ∈ C
non. We can conclude
that Z is contained in Int N ′.
Therefore, Dˆj is contained in N
′. Namely, cj is null-homotopic in N
′.
From Definition 2.2, we conclude that cj ⊂ D is a meridian of N
′. This
finishes the proof. 
2.5. Genus one 3-manifolds. ([GRW18])Let us describe McMillan’s con-
struction in [McM62].
Definition 2.13. (Genus one 3-manifold) A genus one 3-manifold M is the
ascending union of solid tori {Nk}k∈N, so that for each k, Nk ⊂ Int Nk+1
and the geometric index of Nk in Nk+1 is not equal to zero.
Theorem 2.14. [Theorem 2.8, Page 2042] [GRW18]
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(1) A genus one 3-manifold defined with a sequence of closed solid tori
{Nk}k∈N so that each Nk is contractible in Nk+1, is a contractible
3-manifold that is not homeomorphic to R3.
(2) Any contractible genus one 3-manifold can be written as an ascending
union of solid tori {Nk}k∈N so that Nk is contractible in Nk+1.
For example, the Whitehead manifold is a contractible genus one 3-
manifold.
Any contractible genus one 3-manifold M := ∪∞i=0Nk satisfies the follow-
ing:
(1) For each k,Nk is homotopically trivial inNk+1. Moreover, I(Nk, Nk+1) ≥
2.
(2) For each j > k, the core Kk of Nk is null-homotopic in Nj but a
nontrivial knot in Nj .
(3) If Nj is viewed as an unknotted solid torus in S
3, then the link
Kk ∐ γj ⊂ S
3 is linked in S3, for each meridian γj of Nj for j > k.
Moreover, its linking number is zero.
(4) However, the knot Kk ⊂ S
3 may be knotted in S3.
3. Embedding disc(s) in the Whitehead manifold
As in Subsection 2.3, Wh ⊂ S3 is an increasing union of closed solid tori
{Nk}
∞
k=0 so that the geometric index I(Nk, Nk+1) = 2, for each k. For any
j > k, the core Kk of Nk is a non-trivial knot in Nj but unknotted in S
3.
In addition, the link Kk ∐ γj is linked with zero linking number, for any
meridian γj of Nj. In this section, we investigate some embedded discs in
the Whitehead manifold.
Lemma 3.1. Any embedded circle γ ⊂ ∂Nk which is the boundary of a
closed embedded disc D in Wh but not nullhomotopic in ∂Nk, is a meridian
of Nk.
Proof. Since the disc D is compact, there is some k0 > k such that D is
contained in Nk0 . Namely, γ is a trivial knot in Nk0 .
Let γ belong to the homology class p[γk] + q[θk] in H1(∂Nk), where γk
and θk are a meridian and a longitude of Nk. Since Nk is an unknotted solid
torus in S3, γ (as a knot in S3) is isotopic to the torus knot Kp,q in S
3.
Because the knot γ bounds an embedded disc D in Nk0 , it is a trivial
knot in Nk0 ⊂ S
3. Hence, γ is unknotted in S3. From [Page 53, [Rol03]], we
see that p = ±1 or q = ±1.
Since the knot γ is trivial in Nk0 , we use Corollary 2.9 to find a meridian
disc (D1, ∂D1) ⊂ (Nk0 , ∂Nk0) with D1∩γ = ∅ . Because the geometric index
I(Nk, Nk0) > 0, it contains a meridian γ
′
k of ∂Nk (Lemma 2.12).
Therefore, γ′k ∩ γ is empty. Their intersection number on ∂Nk must be
zero.
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We knows that the intersection number of γ and γ′k is q. Therefore, we
knows that p = ±1, q = 0. That is to say, γ is homotopic to the meridian
γ′k on ∂Nk. This completes the proof. 
Theorem 3.2. Any γ ⊂ ∂Nk bounding an embedded disc D in Wh satisfies
one of the following:
(1) [γ] is trivial in π1(∂Nk),
(2) D ∩ Int Nl has at least I(Nl, Nk) components intersecting N0, for
each l < k.
Note that the geometric index I(Nl, Nk) is equal to 2
k−l.
Proof. We argue by induction on k.
• When k = 0, it is trivial.
• We suppose that it holds for Nk−1.
We suppose that γ is not contractible in ∂Nk. Lemma 3.1 tells us that γ
is a meridian of Nk. In addition, the linking number of γ ∐ Kk−1 is zero,
where Kk−1 is the core of Nk−1.
We may assume that D intersects ∂Nk−1 transversally. The set D ∩
∂Nk−1 has finitely many components C := {γi}i∈I . Each component γi is
an embedded circle and bounds a unique closed disc Di ⊂ Int D.
Let {γj}j∈I0 be the set of maximal circles in C where I0 ⊂ I. Each γj is
the boundary of the disc Dj , for j ∈ I0.
Claim: There exist at least two elements in {γj}j∈I0 , which are meridians
of Nk−1.
By Lemma 2.10, the maps π1(∂Nk) → π1(Nk \N0) and π1(∂Nk) →
π1(Nm \Nk) are both injective for any m > k. Van-Kampen’s Theo-
rem gives an isomorphism between π1(Nm \N0) and π1(Nk \N0) ∗π1(∂Nk)
π1(Nm \Nk). We use [Theorem 11.67, Page 404] in [Rot12] to see that the
map π1(∂Nk) → π1(Nm \N0) is also injective. Therefore, since γ is not
contractible in ∂Nk, we can conclude that it is not contractible in Wh \N0.
If γj is homotopically trivial in ∂Nk−1 for each j ∈ I0, then one finds a
disc D′j ⊂ ∂Nk−1. Consider a new disc D
′ := (Σ \ ∪j∈I0Dj) ∪ (∪j∈I0D
′
j) in
Wh \N0 with boundary γ. Hence, γ is contractible in Wh \N0. This con-
tradicts the last paragraph. We see that one of {γj}j∈I0 is non-contractible
in ∂Nk−1. Hence, by Lemma 3.1, there is at least one meridian of Nk−1 in
{γj}j∈I0 .
In the following, we argue by contradiction.
Suppose that there is a unique meridian of Nk−1 in the set {γj}j∈I0 .
That is to say, there is a unique j0 ∈ I0 such that γj0 is a meridian of Nk−1.
Remark that each γj bounds the unique disc Dj ⊂ D.
If γj is not contractible ∂Nk for some j ∈ I0 \{j0}, Lemma 3.1 shows that
it is a meridian, which contradicts the uniqueness of j0. We see that γj is
nullhomotopic in ∂Nk−1, for each j ∈ I0 \ {j0}.
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Consider a meridian disc Dˆj0 of Nk−1 with boundary γj0 , which intersects
the core Kk−1 of Nk−1 transversally at one point. For j ∈ I0 \ {j0}, there
exists a disc Dˆj ⊂ ∂Nk−1 with boundary γj.
Define a new disc Dˆ := (D \ ∪j∈I0Dj)∪j∈I0 (∪γj Dˆj) with boundary γ. Dˆ
intersects Kk−1 transversally at one point, which implies that the intersec-
tion number between Dˆ and Kk−1 is ±1.
Therefore, the linking number of γ∐Kk−1 is ±1. This is in contradiction
with the fact that its linking number is zero.
This completes the proof of the Claim.
From the Claim, there are at least two distinct meridians, γj0 and γj1 ,
of Nk−1 in {γj}j∈I0 . Applying our inductive assumption to Dj0 and Dj1
respectively, we know that Djt ∩ Int Nl has at least 2
k−1−l components
intersecting N0 for t = 0, 1 for l ≤ k − 1. Therefore, D ∩ Int Nl has at least
2k−l components intersecting N0. 
Based on Theorem 3.2, we introduce a topological property.
Definition 3.3. Any contractible genus one 3-manifoldM is called to satisfy
Property P if for any properly embedded plane Σ ⊂M , any k > 0 and any
closed curve γ ⊂ ∂Nk ∩ Σ, it holds one of the following:
(1) γ is contractible in ∂Nk;
(2) for l < k, D ∩ Int Nl has at least I(Nl, Nk) components intersecting
N0,
where D ⊂ Σ is a unique disc with boundary γ and {Nk}k is a sequence as
described in Theorem 2.14.
We will show that all contractible genus one 3-manifolds satisfy Property
P (Theorem 4.2).
4. Property P and Genus one 3-manifolds
In this section, we show that any contractible genus one 3-manifold sat-
isfies Property P . First, recall some notations from Section 2. Any con-
tractible genus one 3-manifold M is the ascending union of closed solid
tori {Nk}
∞
k=0 so that Nk is contractible in Nk+1 and the geometric index
I(Nk, Nk+1) ≥ 2.
In the genus one case, Lemma 3.1 can be generalized as follows:
Lemma 4.1. A circle γ ⊂ Σ ∩ ∂Nk, which is not contractible in ∂Nk, is a
meridian of Nk, where Σ ⊂M is a properly embedded plane. Moreover, the
unique disc D ⊂ Σ with boundary γ intersects the core K0 of N0.
Proof. We may assume that Σ intersects ∂Nk transversally. Since Σ is prop-
erly embedded, Σ ∩ ∂Nk := {γi}
n
i=0 has finitely many components, where
γ0 = γ. Each γi bounds a unique closed disc Di ⊂ Σ (where D0 = D).
Define the set C := {γi|γi ⊂ D0 is not contractible in ∂Nk}. It is not
empty (γ0 ⊂ D0).
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Since {γi}
n
i=0 is a family of disjoint circles, we see that the intersection
number of γ and γi in ∂Nk is zero for each i 6= 0.
If [γi] is not equal to ±[γ] in π1(∂Nk) for some γi ∈ C, the intersection
number of γ and γi in ∂Nk is nonzero. This contradicts the above fact. We
can conclude that each γi ∈ C is homotopic to γ in ∂Nk.
In the following, we will show that each minimal circle γj in C is a merid-
ian. This is to say, γ is also a meridian of Nk.
The remaining proof is similar to the proof in Lemma 2.12. It is sufficient
to show that γj is homotopically trivial in Nk. We begin by constructing an
immersed disc Dˆj ⊂ Nk with boundary γj .
Let us consider the set Cj := {γi |γi ⊂ Int Dj} ⊂ C and the set C
max
j of
maximal circles in Cj . One has two cases: Cj = ∅ or Cj 6= ∅.
Case I: If Cj is empty, we consider the set Z := Int Dj and the disc
Dˆj := Dj ;
Case II: If Cj is not empty, then C
max
j is also non-empty. From the
minimality of γj , each γi ∈ C
max
j is contractible in ∂Nk and bounds a disc
D′i ⊂ ∂Nk.
Define the set Z := IntDj\∪γi∈Cmaxj Di and the disc Dˆj := Z∪(∪γi∈Cmaxj D
′
i)
with boundary γj .
Let us explain why Dˆj is contained in Nk. In any case, ∂Nk cuts M into
two connected components, M \ Nk and Int Nk. The set Z is one of these
components of Int Dj \ ∂Nk.Therefore, it is in M \Nk or Int Nk.
If Z is in M \ Nk, then the disc Dˆj with boundary γj is contained in
M \Nk. Therefore, we see that [γj ] = 0 in π1(M \Nk). However, the map
π1(∂Nk) → π1(M \Nk) is injective (Lemma 2.10). That is to say, γj is
null-homotopic in ∂Nk. This contradicts the fact that [γj ] 6= 0 in π1(∂Nk).
We can conclude that Z is contained in Int Nk.
Therefore, Dˆj is contained in Nk. Its boundary γj is nullhomotopic in
Nk. Since γ is homotopic to γj in ∂Nk, it is also contractible in Nk. By
Definition 2.2, γ must be a meridian of Nk.
By Lemma 2.10, the two induced maps π1(∂Nk) → π1(M \Nk) and
π1(∂Nk) → π1(Nk \K0) are both injective. Van-Kampen’s theorem shows
that π1(M \K0) ∼= π1(M \Nk) ∗π1(∂Nk) π1(Nk \K0). We see that the map
π1(∂Nk) → π1(M \K0) is also injective (See [Theorem 11.67, Page 404] of
[Rot12]). Therefore, [γ] 6= 0 in π1(M \K0). We can conclude that the disc
D ⊂ Σ with boundary γ must intersect the core K0 of N0. 
Remark.
• In the proof, the set Dˆj ∩ Int Nk is equal to the set Z and a subset
of D ∩ Int Nk.
• The disc Dˆj may not be embedded, because D
′
i may be contained
in some D′i′ . When it is not an embedding, we can deform Dˆj in a
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small neighborhood of ∂Nk in Nk so that it becomes an embedded
disc in Nk.
Theorem 4.2. Any contractible genus one 3-manifold M satisfies Property
P .
Proof. Consider a properly embedded plane Σ ⊂M . Suppose there is some
closed curve γ ⊂ Σ∩∂Nk which is not contractible in ∂Nk for some k ∈ N>0.
Lemma 4.1 shows that γ is a meridian of Nk and the unique closed disc
D ⊂ Σ with boundary γ intersect N0.
We may assume that Σ intersects ∂Nk transversally. The set D∩ ∂Nk :=
{γi}
n
i=0 has finitely many components where γ0 = γ.
Define the set C := {γi | the circle γi ⊂ D ∩ ∂Nk is not contractible in
∂Nk}. (It is not empty because γ ⊂ D). We use Lemma 4.1 to see that each
minimal circle γj in C is a meridian of Nk. It bounds a unique closed disc
Dj ⊂ D. As in the proof of Lemma 4.1, we construct a disc Dˆj ⊂ Nk with
boundary γj . Remark that Dˆj ∩ Int Nk is a subset of D ∩ Int Nk (See the
above Remark).
As described in the above remark, the disc Dˆj may not be embedded. If
necessary, we can deform it in a small neighborhood of ∂Nk in Nk so that
it becomes an embedded disc. For l < k, Dˆj ∩ Int Nl is still a subset of
D ∩ Int Nl ⊂ Σ.
It is sufficient for us to show that Dˆj ∩ Int Nl has at least I(Nl, Nk)
components intersecting N0.
We may assume that Dˆj intersects ∂Nl transversally. The intersection
Dˆj ∩ ∂Nl := {γ
′
t}t∈T has finitely many components. Let us consider the set
Cˆmax of maximal circles in {γ′t}t∈T and its subset Cˆ
non := {γ′t ∈ Cˆ
max|γ′t is
not contractible in ∂Nl}.
Claim: |Cˆnon| ≥ I(Nl, Nk).
We argue by contradiction. Suppose that |Cˆnon| < I(Ni, Nk). Each
γ′t ∈ Cˆ
max bounds a unique disc D′t ⊂ Dˆj .
If γ′t is in Cˆ
non, Lemma 4.1 tells us it is a meridian of Nl. Therefore,
we can find a meridian disc D′′t of Nl which intersects the core Kl of Nl
transversally at one point. If γ′t ∈ Cˆ
max \ Cˆnon, γ′t is contractible in ∂Nl and
bounds a disc D′′t in ∂Nl.
Define a disc Dˆ′j with boundary γj
Dˆ′j := (Dˆj \ ∪γ′t∈Cˆmax
D′t) ∪ (∪γ′t∈Cˆmax
D′′t ).
The number #(Dˆ′j ∩Kl) of points of Dˆ
′
j ∩Kl is less than I(Nl, Nk).
As above, the disc Dˆ′j may not be embedded (because D
′′
t may be con-
tained in some D′′t′). If necessary, we modify the disc Dˆ
′
j in a small neigh-
borhood of ∂Nl so that it becomes an embedded disc in Nk.
Therefore, we may assume that (Dˆ′j , ∂Dˆ
′
j) ⊂ (Nk, ∂Nk) is an embedded
disc with boundary γj. Note that γj is a meridian of Nk. Then, Dˆ
′
j is a
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meridian disc of Nk with #(Dˆ
′
j∩Kl) < I(Nl, Nk). However, the definition of
the geometric index (See Definition 2.7) gives that #(Dˆ′j ∩Kl) ≥ I(Nl, Nk),
a contradiction. This proves the claim.
In the following, we will finish the proof of the theorem.
Let {γ′s}
m
s=1 be the circles in Cˆ
non and D′s ⊂ Dˆj the unique disc with
boundary γ′s, where m = |Cˆ
non
j |. From the maximality of γ
′
s in {γ
′
t}t∈T ,
{D′s}
m
s=1 is a family of pairwise disjoint discs in Dˆj.
We use Lemma 4.1 to see that each γ′s ∈ Cˆ
non is a meridian. In addition,
D′s intersects the core K0 of N0. The intersection D
′
s ∩ Int Nl contains at
least one component intersecting N0.
We conclude that Dˆj ∩ Int Nl has at least m components intersecting N0.
From the above claim, we know that m ≥ I(Nl, Nk). Therefore, D ∩ Int Nl
has at least I(Nl, Nk) components intersecting N0. 
5. Stable minimal surfaces
In this section, we consider a complete Riemannian manifold (M,g) where
M := ∪∞k=0Nk is some contractible genus one 3-manifold and {Nk}k is de-
scribed in Theorem 2.14. Our first target is to construct a family of meridian
discs with ”good” properties. Then, we consider their limit in (M,g). Fi-
nally, we investigate the properness of limit surfaces.
5.1. Stable minimal discs. Our first object is to construct a family of
meridian discs in (M,g). A result of Meeks and Yau (See [Theorem 6.28
Page 224] in [CM11]) provides us a geometric version of Loop Theorem to
construct them.
Theorem 5.1. (See Colding-Minicozzi’s Book [CM11] [Theorem 6.28, Page
224]) Let (M3, g) be a compact Riemannian 3-manifold whose boundary is
mean convex and γ a simple closed curve in ∂M which is null-homotopic in
M . Then, γ bounds an area-minimizing disc and any such least area disc is
embedded.
Our strategy is to apply this theorem to (Nk, g|Nk) for any k > 0. How-
ever, its boundary may not be mean convex. To overcome this, we find a
new metric gk on Nk satisfying 1) (Nk, gk) is a 3-manifold with mean convex
boundary; 2) gk|Nk−1 = g|Nk−1 . The metric gk is constructed as below:
Let h(t) be a positive smooth function on R so that h(t) = 1, for any
t ∈ R \ [−ǫ, ǫ]. Consider the function f(x) := h(d(x, ∂Nk)) and the metric
gk := f
2g|Nk . Under (Nk, gk), the mean curvature Hˆ(x) of ∂Nk is
Hˆ(x) = h−1(0)(H(x) + 2h′(0)h−1(0))
Choosing ǫ small enough and a function h with h(0) = 2 and h′(0) >
2maxx∈∂Nk |H(x)| + 2, one gets the metric gk which is the required can-
didate in the assertion.
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We use Theorem 5.1 to find an embedded area-minimizing disc Ωk in
(Nk, gk), where its boundary γk is a meridian of Nk. Since the geometric
index I(N0, Nk) > 0, the disc Ωk intersects N0.
To sum up, we construct a family of meridian discs {Ωk}k∈N intersecting
N0. Since we modify the metric near ∂Nk, each Ωk is not minimal in (M,g),
but stable minimal away from the neighborhood of ∂Nk (near Nk−1, for
example).
The surface Ωk∩Nk−1 may be not connected. However, it is a stable mini-
mal lamination (See Definition 5.5), where each leaf has boundary contained
in ∂Nk−1.
5.2. Limit surfaces.
Definition 5.2. In a complete Riemannian 3-manifold (M,g), a sequence
{Σn} of immersed minimal surfaces converges smoothly with finite multiplic-
ity (at most m) to an immersed minimal surface Σ, if for each point p of Σ,
there is a disc neighborhoodD in Σ of p, an integer m and a neighborhood U
of D inM (consisting of geodesics ofM orthogonal to D and centered at the
points of D) so that for n large enough, each Σn intersects U in at most m
connected components. Each component is a graph over D in the geodesic
coordinates. Moreover, each component converges to D in C2,α-topology as
n goes to infinity.
Note that in the case that each Σn is embedded, the surface Σ is also
embedded. The multiplicity at p is equal to the number of connected com-
ponent of Σn∩U for n large enough. It remains constant on each component
of Σ.
Remark 5.3. Let us consider a family {Σn}n of properly embedded minimal
surfaces converging to the minimal surface Σ with finite multiplicity. Fix a
compact simply-connected subset D ⊂ Σ. Let U be the tubular neighbor-
hood of D inM with radius ǫ and π : U → D the projection from U onto D.
It follows that the restriction π|Σn∩U : Σn ∩U → D is a m-sheeted covering
map for ǫ small enough and n large enough, where m is the multiplicity.
Therefore, the restriction of π to each component of Σn ∩ U is also a
covering map. Hence, since D is simply-connected, it is bijective. Therefore,
each component of Σn ∩ U is a normal graph over D.
Let us recall a classical theorem about convergence with finite multiplicity.
Theorem 5.4. (See [Compactness Theorem, Page 96] of [And85] and [The-
orem 4.37, Page 49] of [IRR02]) Let {Σk}k∈N be a family of properly embed-
ded minimal surfaces in a 3-manifold M3 satisfying (1) each Σk intersects
a given compact set K0; (2) for any compact set K in M , there are three
constants C1 = C1(K) > 0, C2 = C2(K) > 0 and j0 = j0(K) ∈ N such that
for each k ≥ j0, it holds that
(1) |AΣk |
2 ≤ C1 on K ∩ Σk, where |AΣk |
2 is the square length of the
second fundamental form of Σk
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(2) Area(Σk ∩K) ≤ C2.
Then, after passing to a subsequence, Σk converges to a properly embedded
minimal surface with finite multiplicity in the C∞-topology.
Note that the limit surface may be non-connected.
Let us consider the sequence {Ωk}k∈N and their limit. The sequence
{Ωk}k∈N satisfies Condition (1) in Theorem 5.4 (See [Theorem 3, Page 122]
in [Sch83]). Say, they have locally uniformly-bounded curvatures. However,
this sequence does not hold Condition (2) in Theorem 5.4.
For example, in the Whitehead manifold, for k > 1, Ωk ∩ Int N1 has at
least 2k−1 components intersecting N0 (See Theorem 3.2). We know that
each component (Σ, ∂Σ) ⊂ (N1, ∂N1) of Ωk ∩ Int N1 intersecting N0 is a
minimal surface in (M,g).
Choose x0 ∈ Σ∩N0 and r0 =
1
2 min{r, i0}, where r := dist(∂N0, ∂N1) and
i0 := infx∈N1 InjM (x). We see that the ball B(x0, r0) is in N1. We apply a
result (See [Lemma 1, Page 445] in [MY80]) to (N1, ∂N1). Hence, it follows
that
Area(Σ) ≥ Area(Σ ∩B(x0, r0)) ≥ C(i0, r0,K)
where K := supx∈N1 |KM (x)| and KM is the sectional curvature.
Therefore, one has that Area(N1 ∩ Ωk) ≥ 2
k−1C. That is to say, the
sequence {Ωk}k does not satisfy Condition (2).
In the general case, the sequence {Ωk}k may not sub-converge with finite
multiplicity.
In the following, we consider the convergence toward a lamination.
Definition 5.5. (Lamination) A codimension one lamination in a 3-manifold
M3 is a collection L of smooth disjoint surfaces (called leaves) such that⋃
L∈L L is closed in M
3. Moreover, for each x ∈ M there exists an open
neighborhood U of x and a coordinate chart (U,Φ), with Φ(U) ⊂ R3 so that
in these coordinates the leaves in L pass through Φ(U) in slices form
R
2 × {t} ∩ Φ(U).
A minimal lamination is a lamination whose leaves are minimal. Finally, a
sequence of laminations is said to converge if the corresponding coordinate
maps converge.
For example, R2 × Λ is a lamination in R3, where Λ is a closed set in R.
Note that any (compact) embedded surface (connected or not) is a lamina-
tion. In [Appendix B, Laminations] of [CM04], Coding-Minicozzi described
the limit of laminations with uniformly bounded curvatures.
Proposition 5.6. [CM04][Proposition B.1, Page 610] Let M3 be a fixed
3-manifold. If Li ⊂ B(x, 2R) ⊂ M is a sequence of minimal laminations
with uniformly bounded curvatures (where each leaf has boundary contained
in ∂B(0, 2R)), then a subsequence, Lj , converges in the C
α-topology for any
α < 1 to a (Lipschitz) lamination L in B(x,R) with minimal leaves.
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Applying this proposition to the sequence {Ωk}k, we see that
Theorem 5.7. The sequence {Ωk}k∈N sub-converges to a lamination L =
∐t∈ΛLt. Moreover, each Lt is a complete minimal surface.
Proof. For any j > k, Ωj ∩Nk is not connected but a stable minimal lami-
nation. Each leaf has boundary contained in ∂Nk.
Applying a result of Schoen [Theorem 3, Page 122] [Sch83] to (Nk, g|Nk )
we see that that there is a constant C(Nk−1), depending on Nk and g, so
that for any j > k,
|AΩj |
2 ≤ C(Nk−1) on Nk−1
Therefore, for j > 3, {Ωj ∩ N2} is a sequence of minimal laminations
with uniformly bounded curvature where each leaf has boundary contained
in ∂N2. We use Proposition 5.6 to extract a subsequence converging to a
minimal lamination in N1. The boundary of the lamination is contained in
∂N1.
We repeat the argument on each Nk. A diagonal argument allows us to
find a subsequence of {Ωk} converging to a lamination L . Each leaf is a
complete minimal surface. 
In addition, we have
Theorem 5.8. Each leaf in L is stable minimal.
Theorem 5.9. If (M,g) has positive scalar curvature, each leaf in L is
non-compact.
We will prove these two theorems in Appendix B.
To sum up, the sequence {Ωk} sub-converges to a minimal lamination
L . If (M,g) has positive scalar curvature, each leaf in L is a complete
(non-compact) stable minimal surface.
5.3. Properness. Theorem 5.7 and Theorem 5.8 imply that there are some
complete embedded stable minimal surfaces in (M,g). It is natural to ask
whether such minimal surfaces are proper. In this part, we show that in
any complete 3-manifold with positive scalar curvature, the integral of the
scalar curvature along any complete (non-compact) embedded stable mini-
mal surface is bounded by a universal constant, which implies that such a
surface is proper.
Theorem 5.10. Let (M,g) be a complete oriented 3-manifold with positive
scalar curvature κ(x). Assume that Σ is a complete (non-compact) stable
minimal surface in M . Then, one has,∫
Σ
κ(x)dv ≤ 2π,
where dv is the volume form of the induced metric ds2 over Σ. Moreover, if
Σ is an embedded surface, then Σ is proper.
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Proof. By [Theorem 2, Page 211] in [SY82], Σ is conformally diffeomorphic
to R2.
Let us consider the Jacobi operator L := ∆Σ−KΣ+(κ(x)+
1
2 |A|
2), where
KΣ is the Gaussian curvature of the metric ds
2 and ∆Σ is the Laplace-
Beltrami operator of (Σ, ds2). From [Theorem 1, Page 201] in [FCS80],
there exists a positive function u on Σ satisfying L(u) = 0, since Σ is a
stable minimal surface.
Consider the metric ds˜2 := u2ds2. Let K˜Σ be its sectional curvature and
dv˜ its volume form. We know that
K˜Σ = u
−2(KΣ −∆ log u) and dv˜ = u
2dv.
By Fischer-Colbrie’s work [Theorem 1, Page 126] in [Fis85], (Σ, ds˜2) is a
complete surface with non-negative sectional curvature K˜Σ ≥ 0. By the
Cohn-Vossen inequality [Coh35], one has
∫
Σ
K˜Σdv˜ ≤ 2πχ(Σ),
where χ(Σ) is the Euler characteristic of Σ.
Since L(u) = 0, one has that
∫
BΣ(0,R) L(u)u
−1dv = 0, where BΣ(0, R) is
the geodesic ball in (Σ, ds2) centered at 0 ∈ Σ with radius R. We deduce
that ∫
BΣ(0,R)
κ(x) +
1
2
|A|2dv =
∫
BΣ(0,R)
(KΣ − u
−1∆ u)dv
=
∫
BΣ(0,R)
KΣ − (∆ log u+ u
−2|∇u|)dv
≤
∫
BΣ(0,R)
u−2(KΣ −∆log u)u
2dv
=
∫
BΣ(0,R))
K˜Σdv˜
≤
∫
Σ
K˜Σdv˜
We know that χ(Σ) = 1, since Σ is diffeomorphic to R2. Combining these
two inequalities above and taking R→∞, we have that,∫
Σ
κ(x) +
1
2
|A|2dv ≤ 2π.
Suppose that Σ is not proper. There is an accumulation point p of Σ
so that the set B(p, r/2) ∩ Σ is a non-compact closed set in Σ. Namely,
it is unbounded in (Σ, ds2). Hence, there is a sequence {pk} of points in
Σ ∩B(p, r/2) going to infinity in (Σ, ds2).
Therefore, we may assume that the geodesic discs {BΣ(pk, r/2)}k in Σ
are disjoint.
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Define two constants r0 :=
1
2 min{r, i0} and K := supx∈B(p,r) |KM (x)|
where i0 := infx∈B(p,r) InjM (x) and KM is the sectional curvature. The
geodesic ball BΣ(pk, r0/2) is in B(p, r).
Applying [Theorem 3, Appendix, Page 139] of [Fre96] to the geodesic disc
BΣ(pk, r0/2) ⊂ B(p, r), we have
Area(BΣ(pk, r0/2)) ≥ C(i0, r0,K).
This leads to a contradiction as follows:
2π ≥
∫
Σ
κ(x)dv ≥
∫
B(p,r)∩Σ
κ(x)dv
≥
∑
k
∫
BΣ(pk,r0/2)
κ(x)
≥ inf
x∈B(p,r)
κ(x) ·
∑
k
Area(BΣ(pk, r0/2))
≥ inf
x∈B(p,r)
κ(x) ·
∑
k
C =∞

Remark 5.11. From Theorem 5.7, Theorem 5.8, {Ωk}k sub-converges to
a lamination L = ∐t∈ΛLt, where each Lt is a complete embedded stable
minimal surface. If (M,g) has positive scalar curvature, we use Theorem
5.9 and Theorem 5.10 to have that each Lt is proper.
Corollary 5.12. Let (M, g) be a contractible complete 3-manifold with uni-
formly positive scalar curvature (infx∈M κ(x) > 0). Then M is homeomor-
phic to R3
Proof. Suppose that M is not simply connected at infinity. As described in
Section 4.1 and Theorem 5.7, there exists a complete (non-compact) stable
minimal surface Σ. By Schoen-Yau’s Theorem [Theorem 2, Page 211] in
[SY82], Σ is conformally diffeomorphic to R2.
Since the scalar curvature κ(x) of M is uniformly positive, infx∈M κ(x) >
0. From Theorem 5.10, one has,
2π ≥
∫
Σ
κ(x)dv
≥ inf
x∈M
κ(x) ·
∫
Σ
dv
= inf
x∈M
κ(x) · Area(Σ).
Therefore, Σ is a surface of finite area.
However, we apply the theorem of Gromov and Lawson [Theorem 8.8]
in [GL83]. This theorem asserts that if (X, g) is a Riemannian manifold
of positive scalar curvature, then any complete stable minimal surface of
finite area in X is homeomorphic to S2. Hence, Σ is homeomorphic to S2,
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which leads to a contradiction with the topological structure of Σ (Σ is
homeomorphic to R2). 
6. The proof of The Main Theorem
In this section, we explain the scheme of the proof of Theorem 1.1 and
Theorem 1.2. From Theorem 4.2, any contractible genus one 3-manifold (ex.
the Whitehead manifold) satisfies Property P . However, Property P is not
compatible with the positivity of scalar curvature. We will show that this
implies Theorem 1.2.
In sections 6 and 7, M := ∪∞k=0Nk is defined as some contractible genus
one 3-manifold, where {Nk} is described in Theorem 2.14.
6.1. A preliminary Lemma. For proving Theorem 1.2, we will argue by
contradiction. Suppose that M admits a complete metric g with positive
scalar curvature. Remark that M satisfies Property P (Theorem 4.2).
For any meridian γk of Nk, there exists a meridian disc Ωk, satisfying that
Ωk ∩ Nj is a stable minimal surface for k > j. {Ωk}k sub-converges to a
lamination L := ∐t∈ΛLt. Each leaf Lt is a complete (non-compact) stable
minimal surface (See Section 5.2). By Theorem 5.9 and Theorem 5.10, it is
properly embedded.
We introduce a preliminary lemma.
Lemma 6.1. There exists a positive integer k0 = k0(M,g), such that for
each k > k0 and any t ∈ Λ, each embedded circle γ in Lt∩∂Nk is contractible
in ∂Nk.
Proof. By [Theorem 2, Page 211] in [SY82], each Lt is conformally diffeo-
morphic to R2.
We prove by contradiction. We suppose that there exists a sequence of
increasing integers {kn}n such that :
for each kn, there exists a minimal surface Ltn in {Lt}t∈Λ and an em-
bedded curve ckn ⊂ Ltn ∩ ∂Nkn which is not contractible in ∂Nkn.
Since lim
n→∞
kn =∞, lim
n→∞
I(N1, Nkn) =∞.
Because Ltn
∼= R2 , there exists a unique disc Dn ⊂ Ltn with boundary
ckn . From Property P (See Section 3), we see that Dn ∩ Int N1 has at least
I(N1, Nkn) components intersecting N0, denoted by {Σj}
m
j=1.
Define the constants r := dM (∂N0, ∂N1), C := infx∈N1 κ(x), K := supx∈N1 |KM |
and i0 := infx∈N1(InjM (x)) , where KM is the sectional curvature of (M,g)
and InjM (x) is the injective radius at x of (M,g).
Choose r0 =
1
2 min{i0, r} and xj ∈ Σj ∩N0, then B(xj , r0) is in N1. We
apply [Lemma 1, Page 445] in [MY80] to the minimal surface (Σj, ∂Σj) ⊂
(N1, ∂N1). Hence, one has that
Area(Σj ∩B(xj, r0)) ≥ C1(K, i0, r0).
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From Theorem 5.10, we have:
2π ≥
∫
Ltn
κ(x)dv ≥
m∑
j=1
∫
Σj
κ(x)dv ≥
m∑
j=1
∫
Σj∩B(xj ,r0)
κ(x)dv
≥
m∑
j=1
CArea(Σj ∩B(xj, r0))
≥ CC1m ≥ CC1I(N1, Nkn)
This contradicts the fact that lim
n→∞
I(N1, Nkn) =∞ and completes the proof.

Remark 6.2. The proof of Lemma 6.1 only depends on the extrinsic Cohn-
Vossen’s inequality [Theorem 5.10] and the geometric index. If Nk is re-
placed by Nk(ǫ), all geometric indexes remain unchanged where Nk(ǫ) :=
Nk \Nǫ(∂Nk) and Nǫ(∂Nk) is a 2-sided tubular neighborhood of ∂Nk with
small radius ǫ. Therefore, Lemma 6.1 also holds for ∂Nk(ǫ).
6.2. Proof of Theorem 1.2. If L := ∐t∈ΛLt has finitely many compo-
nents, we may assume that each leaf Lt intersects ∂Nk transversally for
k > k0. Since Lt is properly embedded, Lt ∩ ∂Nk := {γ
t
i}i∈It has finitely
many components. Each component is a circle.
By Lemma 6.1, each γti is contractible in ∂Nk. Consider the unique
closed disc Dti ⊂ ∂Nk with boundary γ
t
i and the partially ordered set
({Dti}t∈Λ,i∈Ct ,⊂). Let C be the set of maximal elements. In particular,
it is a finite set. The set L ∩∂Nk is contained in the disjoint union of closed
discs in C.
In the general case, we also have a similar result.
Lemma 6.3. For any k > k0, ∂Nk(ǫ)∩L is contained in a disjoint union of
finitely many closed discs in ∂Nk(ǫ), where Nk(ǫ) := Nk\Nǫ(∂Nk), Nǫ(∂Nk)
is some tubular neighborhood of ∂Nk and k0 is assumed in Lemma 6.1.
In the general case when L has infinitely many components, we will prove
it in Section 7.
Now we prove Theorem 1.2.
Proof. Suppose that M has a complete metric g with positive scalar curva-
ture. From Lemma 6.3, L ∩ ∂Nk(ǫ) ⊂ ∐
m
i=1Di. Each Di is a closed discs
in ∂Nk(ǫ). There exists a longitude θ ⊂ ∂Nk(ǫ) \ ∐
m
i Di ⊂ ∂Nk(ǫ) \ L of
Nk(ǫ).
The lamination L is a closed set in M . L ∩Nk+1 and θ are two disjoint
closed sets. Choose a neighborhood U of L ∩Nk+1 so that U ∩ θ = ∅.
Since {Ωk} subconverges to L , there exists an integer j, large enough,
such that Ωj ∩ Int Nk+1 is in U . In particular, Ωj ∩ θ = ∅.
We know that Ωj is a meridian disc of Nj (See Section 5.1). Since
I(Nk(ǫ), Nj) > 0, we use Lemma 2.12 to find a meridian γ
′
k ⊂ Ωj ∩ ∂Nk(ǫ)
of Nk(ǫ) . The intersection number of θ and γ
′
k is ±1. Therefore, θ must
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intersect γ′k. This contradicts the last paragraph and finishes the proof of
Theorem 1.2. 
7. The proof of Lemma 6.3
In order to prove Lemma 6.3, we will introduce a set S and prove its
finiteness which will imply Lemma 6.3. We begin with two topological lem-
mas.
Lemma 7.1. Let (Ω, ∂Ω) ⊂ (N, ∂N) be a 2-sided embedded disc with some
closed sub-discs removed, where N is a closed solid torus. Each circle γi
is contractible in ∂N , where ∂Ω = ∐iγi. Then N \ Ω has two connected
components. Moreover, there is a unique component B satisfying that the
induced map π1(B)→ π1(N) is trivial.
Lemma 7.2. Let (Ω1, ∂Ω1) and (Ω2, ∂Ω2) be two disjoint surfaces as in
Lemma 7.1. For each t = 1, 2, N \ Ωt has a unique component Bt with the
property that the map π1(Bt)→ π1(N) is trivial. Then one of the following
holds:
(1) B1 ∩B2 = ∅;
(2) B1 ⊂ B2;
(3) B2 ⊂ B1.
We will show these two lemmas in Appendix A.
7.1. Definition of the set S.
7.1.1. Set-up. We assume that (M,g) is a complete Riemannian 3-manifold
of positive scalar curvature, whereM := ∪∞k=0Nk is a contractible genus one
3-manifold. Note that M has Property P (See Theorem 4.2).
As in Section 5.1, for any meridian γk of Nk, there exists a meridian
disc Ωk satisfying Ωk ∩ Nj is a stable minimal lamination for k > j. The
sequence {Ωk}k sub-converges to a lamination L := ∐t∈ΛLt. Each leaf
Lt is a complete (non-compact) stable minimal surface (See Section 5.2).
From [Theorem 2, Page 211] in [SY82] and Theorem 5.10, it is conformally
diffeomorphic to R2 and properly embedded.
Lemma 6.1 gives a positive integer k0 satisfying that for any k > k0 and
t ∈ Λ, each circle γ in Lt ∩ ∂Nk is null-homotopic in ∂Nk.
In the following, we will work on the open solid torus IntNk and construct
the set S, for a fixed integer k > k0.
7.1.2. The element in S. Let {Σti}i∈It be the set of components of Lt∩IntNk
for each t ∈ Λ. (It may be empty.) We will show that for each component
Σti, Nk \Σ
t
i has a unique component B
t
i satisfying that π1(B
t
i)→ π1(Nk) is
trivial.
If Lt intersects ∂Nk transversally, the boundary ∂Σ
t
i ⊂ Lt ∩ ∂Nk is the
union of some disjointly embedded circles. From Lemma 6.1, each circle in
the boundary ∂Σti ⊂ Lt ∩ ∂Nk is contractible in ∂Nk.
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In addition, since Lt is homeomorphic to R
2, Σti is homeomorphic to an
open disc with some disjoint closed subdiscs removed. By Lemma 7.1, Nk\Σti
has a unique component Bti satisfying that π1(B
t
i )→ π1(Nk) is trivial.
In general, Lt may not intersect ∂Nk transversally. To overcome it, we
will deform the surface ∂Nk. Precisely, for the leaf Lt, there is a new solid
torus N˜k(ǫt) so that Lt intersects ∂N˜(ǫt) transversally, where N˜k(ǫt) is a
closed tubular neighborhood of Nk in M .
We consider the component Σ˜ti of Lt∩Int N˜k(ǫt) containing Σ
t
i. As above,
N˜k (ǫt)\Σ˜
t
i has a unique component B˜
t
i so that the map π1(B˜
t
i )→ π1(N˜k(ǫt))
is trivial.
Choose the component Bti of B˜
t
i ∩Nk whose boundary contains Σ
t
i. It is a
component of Nk \Σti. In addition, the map π1(B
t
i)→ π1(B˜
t
i )→ π1(N˜k(ǫt))
is trivial. Since Nk and N˜k(ǫt) are homotopy equivalent, the map π1(B
t
i )→
π1(Nk) is also trivial. This finishes the construction of B
t
i .
7.1.3. Properties of S. From Lemma 7.2, for any Bti and B
t′
i′ , one of the
following holds:
(1) Bti ∩B
t′
i′ = ∅;
(2) Bti ⊂ B
t′
i′ ;
(3) Bt
′
i′ ⊂ B
t
i ,
where t, t′ ∈ Λ, i ∈ It and i
′ ∈ It′ .
Therefore, ({Bti}t∈Λ,i∈It ,⊂) is a partially ordered set. We consider the set
{Bj}j∈J of maximal elements. However this set may be infinite.
Definition 7.3. S := {Bj|Bj ∩Nk(ǫ/2) 6= ∅, for any j ∈ J}, where Nk(ǫ/2)
is Nk \Nǫ/2(∂Nk) and Nǫ/2(∂Nk) is a 2-sided tubular neighborhood of ∂Nk
with radius ǫ/2.
Proposition 7.4. Let Σti be a component of Lt ∩ Int Nk and B
t
i assumed
as above. If Bti is an element in S, then Σ
t
i ∩Nk(ǫ/2) is nonempty.
Proof. We argue by contradiction. Suppose that Σti ∩Nk(ǫ/2) is empty. As
mentioned above, Σti cuts Nk into two components. Hence, Nk(ǫ/2) must
be in one of these two components.
In addition, from the definition S, the component Bti of Nk \ Σ
t
i must
intersect Nk(ǫ/2). One knows that Nk(ǫ/2) is contained in B
t
i .
However, the composition of maps π1(Nk(ǫ/2)) → π1(B
t
i ) → π1(Nk) is
an isomorphism. Therefore, the map π1(B
t
i ) → π1(Nk) is non-trivial and
surjective, which contradicts the fact that the map π1(B
t
i) → π1(Nk) is
trivial. This finishes the proof. 
Proposition 7.5. Nk(ǫ)∩L ⊂
⋃
Bj∈S
Bj∩Nk(ǫ). Moreover, ∂Nk(ǫ)∩L ⊂⋃
Bj∈S
Bj ∩ ∂Nk(ǫ).
Proof. Each component Σti of Lt ∩ Int Nk is contained in B
t
i . Hence, Lt ∩
Int Nk is in ∪i∈ItB
t
i . We can conclude that L ∩ Int Nk is contained in ∪B
t
i .
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The set ∪Bti is equal to ∪j∈JBj, because {Bj}j∈J is the set of all maximal
elements in the partially ordered set ({Bti},⊂). Therefore, L ∩ Int Nk is in
∪j∈JBj.
From the definition of S, ∪j∈JBj ∩Nk(ǫ) equals ∪Bj∈SBj ∩Nk(ǫ). There-
fore, Nk(ǫ) ∩L ⊂ ∪Bj∈SBj ∩Nk(ǫ).
Similarly, one has that ∪j∈JBj∩∂Nk(ǫ) equals ∪Bj∈SBj∩∂Nk(ǫ). Hence,
∂Nk(ǫ) ∩L ⊂ ∪Bj∈SBj ∩ ∂Nk(ǫ) 
7.2. The finiteness of the set S. The set ∂Bj ∩ IntNk equals some
Σti ⊂ Lt for t ∈ Λ. Let us consider the set St := {Bj ∈ S|∂Bj∩Int Nk ⊂ Lt}.
Then, S = ∐t∈ΛSt.
In this subsection, we first show that each St is finite. Then, we argue
that {St}t∈Λ contains at most finitely many nonempty sets. These imply
the finiteness of S.
Lemma 7.6. Each St is finite.
Proof. We argue by contradiction. Suppose that St is infinite for some t.
For each Bj ∈ St, there exists a i ∈ It so that Bj is equal to B
t
i , where
Bti is a component of Nk \ Σ
t
i and Σ
t
i is one component of Lt ∩ Int Nk. By
Proposition 7.4, Σti ∩Nk(ǫ/2) is nonempty.
Choose xj ∈ Σ
t
i∩Nk(ǫ/2) and r0 =
1
2 min{ǫ/2, i0}, where i0 := infx∈Nk InjM (x).
Then the geodesic ball B(xj, r0) in M is contained in Nk.
We apply [Lemma 1, Page 445] in [MY80] to the minimal surface (Σti, ∂Σ
t
i) ⊂
(Nk, ∂Nk). One knows that,
Area(Σti ∩B(xj, r0)) ≥ C(r0, i0,K)
where K = supx∈Nk |KM |. One has∫
Lt
κ(x)dv ≥
∑
Bj∈St
∫
Σti
κ(x)dv ≥
∑
Bj∈St
∫
Σti∩B(xj ,r0)
κ(x)dv
≥ inf
x∈Nk
(κ(x))
∑
Bj∈St
Area(B(xj , r0) ∩Σ
t
i)
≥ C inf
x∈Nk
(κ(x))|St|
From Theorem 5.10, LHS≤ 2π, while RHS is infinite. This is a contradiction
and finishes the proof. 
Lemma 7.7. {St}t∈Λ contains at most finitely many nonempty sets.
Proof. We argue by contradiction. Suppose that there exists a sequence
{Stn}n∈N of nonempty sets. For an element Bjtn ∈ Stn , there is some in ∈ Itn
so that Bjtn equals B
tn
in
whereBtnin is one component ofNk\Σ
tn
in
and Σtnin is one
of component of Ltn∩Int Nk. Note that the induced map π1(B
tn
in
)→ π1(Nk)
is trivial.
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By Proposition 7.4, Σtnin ∩ Nk(ǫ/2) is not empty. Pick a point ptn in
Σtnin ∩Nk(ǫ/2).
Step1: {Ltn} subconverges to a lamination L
′ ⊂ L with finite multiplicity.
Since Ltn is a stable minimal surface, we use [Theorem 3, Page122] of
[Sch83] to know that for any compact set K ⊂ M , there is a constant
C1 := C1(K,M, g) such that
|ALtn |
2 ≤ C1 on K ∩ Ltn .
Theorem 5.10 gives
∫
Ltn
κ(x)dv ≤ 2π. Hence,
Area(K ∩ Ltn) ≤ 2π( inf
x∈K
κ(x))−1.
From Theorem 5.4, {Ltn} subconverges to a properly embedded lamina-
tion L ′ with finite multiplicity. Since L is a closed set in M , L ′ ⊂ L is a
sublamination.
From now on, we abuse notation and write {Ltn} and {ptn} for the con-
vergent subsequence.
Step 2: {Σtnin} converges with multiplicity one.
Let Lt∞ be the unique component of L
′ passing through p∞, where p∞ =
limn→∞ ptn . The limit of {Σ
tn
in
} is the component Σ∞ of Lt∞ ∩Nk passing
through p∞, where Σ
tn
in
is the unique component of Nk ∩Ltn passing though
ptn .
Lt∞
Σ∞
Σtnin
BΣ∞(p∞)
π−1(BΣ∞(p∞)) ∩ Σ
tn
in
Figure 3.
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Let D ⊂ Lt∞ be a simply-connected subset satisfying Σ∞ ⊂ D.(Its ex-
istence is ensured by the fact that L∞ is homeomorphic to R
2.) From
Definition 5.2, there exists ǫ1 > 0 and an integer N such that
Σtnin ⊂ D(ǫ1), for n ≥ N,
where D(ǫ1) is the tubular neighborhood of D with radius ǫ1.
Let π : D(ǫ1)→ D be the projection. By Remark 5.3, for n large enough,
the restriction of π to each component of Ltn ∩D(ǫ1) is injective.
Hence, π|Σtnin
: Σtnin → D is injective. That is to say, Σ
tn
in
is a normal graph
over a subset of D. Therefore, {Σtnin} converges to Σ∞ with multiplicity one.
From Definition 5.2, there is a geodesic disc BΣ∞(p∞) ⊂ Σ∞ centered at
p∞ so that
(∗): π−1(BΣ∞(p∞))∩Σ
tn
in
is connected and a normal graph over BΣ∞(p∞),
for large n.
Step 3: Get a contradiction.
From Definition 5.5, there exists a neighborhood U of p∞ and a coordinate
map Φ, such that each component of Φ(L ∩ U) is R2 × {x} ∩ Φ(U) for
some x ∈ R. Choose the disc BΣ∞(p∞) and ǫ1 small enough such that
π−1(BΣ∞(p∞)) ⊂ U . We may assume that U = π
−1(BΣ∞(p∞)).
From (∗), Σtnin ∩ U ⊂ Ltn is connected and a graph over B
Σ∞(p∞), for n
large enough. Since ∂Bjtn ∩ U ⊂ Ltn equals Σ
tn
in
∩ U , it is also connected.
Therefore Φ(∂Bjtn ∩ U) is the set R
2 × {xtn} ∩ Φ(U) for some xtn ∈ R. In
addition, Φ(Σ∞ ∩ U) equals R
2 × {x∞} ∩ Φ(U) for some x∞ ∈ R. Since
lim
n→∞
ptn = p∞, we have limn→∞
xtn = x∞.
x∞
xtn′
xtn
x∞
xtn′
xtn
Φ(U)
Φ(U ∩Bjtn )Φ(U)
Φ(U ∩Bjtn )
Figure 4.
The set U \∂Bjtn has two components. Therefore, Φ(Bjtn ∩U) is Φ(U)∩
{x|x3 > xtn} or Φ(U)∩{x|x3 < xtn}. For n large enough, there exists some
n′ 6= n such that R2 × {xtn′ } ∩ Φ(U) ⊂ Φ(Bjtn ∩ U). This implies that
Bjtn ∩Bjtn′
is non-empty.
Since S consists of maximal elements in ({Bti},⊂), the set Bjtn ∩Bjtn′
is
empty which leads to a contradiction. This finishes the proof. 
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7.3. The finiteness of S implies Lemma 6.3. We will explain how to
deduce Lemma 6.3 from the finiteness of S.
Proof. Since S is finite , we may assume that ∂Bj intersects ∂Nk(ǫ) transver-
sally for each Bj ∈ S. Remark that each Bj equals some B
t
i and ∂Bj∩∂Nk(ǫ)
is equal to Σti ∩ ∂Nk(ǫ). Since each Σ
t
i is properly embedded, ∂Nk(ǫ) ∩
(∪Bj∈S∂Bj) := {ci}i∈I has finitely many components. Each component is
an embedded circle.
By Lemma 6.1 and Remark 6.2, each ci is contractible in ∂Nk(ǫ) and
bounds a unique closed disc Di ⊂ ∂Nk(ǫ). The set (Di,⊂) is a partially
ordered set. Let {Dj′}j′∈J ′ be the set of maximal elements. The set J
′ is
finite.
The boundary of ∂Nk(ǫ)∩Bj is contained in ∐j′∈J ′Dj′ since it is a subset
of ∂Bj ∩ ∂Nk(ǫ) ⊂ ∐i∈Ici for each Bj ∈ S.
Next we show that for any Bj ∈ S, ∂Nk(ǫ)∩Bj is contained in ∐j′∈J ′Dj′ .
If not, ∂Nk(ǫ)\∐j′∈J ′Dj′ is contained in ∂Nk(ǫ)∩Bj for someBj ∈ S. This
implies that the composition of the two maps π1(∂Nk(ǫ) \ (∐j′∈J ′Dj′)) →
π1(Bj) → π1(Nk) is surjective and not a zero map. This contradicts the
fact the induced map π1(Bj)→ π1(Nk) is trivial. We conclude that for each
Bj ∈ S, ∂Nk(ǫ) ∩Bj is contained in ∐j′∈J ′Dj′ .
Therefore, ∪Bj∈SBj∩∂Nk(ǫ) is contained in ∐j′∈J ′Dj′ . From Proposition
7.8, L ∩ ∂Nk(ǫ) is contained in a disjoint union of finite discs {Dj′}j′∈J ′ .
This completes the proof. 
Appendix A
Lemma 7.1 Let (Ω, ∂Ω) ⊂ (N, ∂N) be a 2-sided embedded disc with some
closed sub-discs removed, where N is a closed solid torus. Each circle γi
is contractible in ∂N , where ∂Ω = ∐iγi. Then N \ Ω has two connected
components. Moreover, there is a unique component B satisfying that the
induced map π1(B)→ π1(N) is trivial.
Proof. We argue by contradiction. Suppose that N \ Ω is path-connected.
That is to say, there is an embedded circle σ ⊂ N which intersects Ω
transversally at one point.
Since each γi is contractible in ∂N , it bounds a unique disc Di ⊂ ∂N .
The surface Ωˆ := Ω
⋃
i ∪γiDi also intersects σ transversally at one point.
The intersection number between Ωˆ and σ is ±1.
However, Ωˆ is the image of a continuous map g : S2 → N . It is contractible
in N , since π2(N) = {0}. The intersection number between Ωˆ and σ must
be zero, which leads to a contradiction.
Therefore, N \Ω is not connected. Since Ω is 2-sided and connected, N \Ω
just has two components B0 and B1.
Next, suppose that the induced map ik : π1(Bk) → π1(N) is non-trivial
for k = 0, 1.
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The image Im(ik) of the map ik is a non-trivial subgroup in π1(N). Since
π1(N) is isomorphic to Z, then Im(i0)∩Im(i1) is also a non-trivial subgroup.
That is to say, there exist two closed curves c0 ⊂ B0 and c1 ⊂ B1 such that
(1) [c0] is non-trivial in π1(N); (2) c0 is homotopic to c1 in N .
We can apply the classical theorem of Morrey [MJ09]. It asserts that if
[c0] 6= 0 in π1(N), there is an area-minimizing annulus A ⊂ N joining c0 to
c1. It is an immersed surface.
We may suppose that A intersects Ω transversally and A ∩ Ω is a union
of some circles {γˆj}j . The boundary of A0 := A ∩ B0 is a disjoint union of
c0 and ∪j γˆj. Therefore, [c0] =
∑
j[γˆj ] in H1(N)
∼= π1(N).
We consider the image Ωˆ of a 2-sphere as mentioned above. The map
π1(Ω) → π1(Ωˆ) is trivial. Therefore, the map π1(Ω) → π1(Ωˆ) → π1(N) is
also trivial.
Therefore, each γˆj is nullhomotopic in N . Hence, we know that [c0] = 0
in π1(N), which contradicts to the choice of c0. We conclude that one of
induced maps π1(Bi)→ π1(N) is trivial.
Finally, we prove the uniqueness. Suppose that the two induced maps
are both trivial. This implies that for each i, the map H1(Bi) → H1(N) is
trivial. Applying Mayer-Vietoris Sequence to N = B0 ∪Ω B1, one has:
H1(B0)⊕H1(B1)→ H1(N)→ Hˆ0(Ω).
Since Ω is connected, Hˆ0(Ω) is trivial. Therefore, H1(N) is also trivial. This
contradicts the fact that H1(N) is isomorphic to Z.
This completes the proof. 
Consider two disjoint surfaces (Ω1, ∂Ω1) and (Ω2, ∂Ω2) as assumed in
Lemma 7.1. For t = 1, 2, N \Ωt has two components. Let Bt be the unique
component of N \ Ωt satisfying π1(Bt)→ π1(N) is trivial. One has:
Lemma 7.2 Let (Ω1, ∂Ω1) and (Ω2, ∂Ω2) be two disjoint surfaces as in
Lemma 7.1. For each t = 1, 2, N \ Ωt has a unique component Bt with the
property that the map π1(Bt)→ π1(N) is trivial. Then one of the following
holds:
(1) B1 ∩B2 = ∅;
(2) B1 ⊂ B2;
(3) B2 ⊂ B1.
Proof. Suppose B1 ∩B2 and B1 \B2 are both nonempty. Say, there are two
points p1 ∈ B1 \B2 and p2 ∈ B1 ∩B2.
First, Ω2 is contained in B1. The reason follows as below: B1 includes a
curve γ joining p1 and p2 (since B1 is connected). γ must intersect Ω2 at
some point(s). Hence, Ω2 ∩B1 is not empty. Since Ω1 ∩Ω2 is empty, Ω2 lies
in one of component of N \ Ω1. Therefore, Ω2 is contained in B1.
Second, Ω2 cuts B1 into two components. Otherwise, there is a circle in
B1 which intersects Ω2 at one point. As argued in Lemma 7.1, such a circle
can not exist.
30 JIAN. WANG
Finally, take the component B of B1 \ Ω2 satisfying that ∂B ∩ Ω1 is
empty. Then, B is also a component of N \ Ω2. In addition, the map
π1(B) → π1(B1) → π1(N) is trivial. From the uniqueness of B2, one has
that B = B2. This implies B2 ⊂ B1. 
Appendix B
In this appendix, we will prove Theorem 5.8 and Theorem 5.9. Recall
that (M,g) is a complete contractible genus one 3-manifold, where M is an
increasing union of solid tori {Nk}k.
For each k, there is a meridian γk of Nk and a metric gk on Nk so that (1)
(Nk, gk) has mean convex boundary; (2) gk|Nk−1 = g|Nk−1 . We use Theorem
5.1 to find an area-minimizing disc Ωk in (Nk, gk) with boundary γk. The
sequence {Ωk} sub-converges to the minimal lamination L . Each leaf is a
complete minimal surface. (See Section 5.)
For our convenience, we may assume that the sequence {Ωk}k converges
to L .
Lemma 7.8. Let Σ be a compact minimal surface in a 3-manifold (X, g)
(possibly with boundary) and (Xˆ, gˆ) the double cover of (X, g). The lift Σˆ of
Σ is a connected minimal surface in (Xˆ, gˆ). Then Σ is stable minimal if an
only if Σˆ is stable minimal
Proof. Let L and Lˆ be the Jacobi operators of Σ and Σˆ respectively. The
operator π∗(L) is equal to Lˆ, where π is the double cover Σˆ → Σ. Let λ1
and λˆ1 be the first eigenvalues of L and Lˆ respectively.
It is sufficient to show that λˆ1 = λ1.
Let f be an eigenfunction for λ1 (i.e. L(f) = −λ1f). The function
fˆ := π∗(f) satisfies that Lˆ(fˆ) = −λ1fˆ . Hence, λ1 ≥ λˆ1.
Let τ be the desk transformation of the double cover π. The surface Σˆ is
τ -invariant, (namely τ(Σˆ) = Σˆ). The map τ is isometric on Σˆ.
Let hˆ be an eigenfunction for λˆ1 (i.e. Lˆ(hˆ) = −λˆ1hˆ). We may assume
that hˆ is τ -invariant (τ(hˆ) = hˆ). (If not, we replace it by τ(hˆ) + hˆ.) The
function hˆ is the lift of some function h to Σˆ. We have that L(h) = −λˆ1h.
Therefore, λˆ1 ≥ λ1.
We can conclude that λˆ1 = λ1. 
Theorem 5.8. Each leaf in L is stable minimal.
Proof. Let Lt be a leaf in the minimal lamination L .
Case (I): If Lt is a limit leaf (that is to say, the closure of L \Lt contains
Lt), we use the result of Meek, Pe´rez and Rosenberg (See [Theorem 1, Page
4] of [MIPR08]) to have that it is stable minimal.
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Case (II): If Lt is not a limit leaf, the intersection Lt ∩L \ Lt is empty.
There is a tubular neighborhood N(Lt) of Lt such that the intersection
N(Lt) ∩L \ Lt is empty.
We first consider the case when Lt is 2-sided.
Let π be the projection from N(Lt) to Lt. For any point p and r >
0, we consider the geodesic disc BLt(p, r) in Lt and the set N(p, r) :=
π−1(BLt(p, r)).
Choose one component Σk of N(p, r)∩Ωk for k ≥ 0. For k large enough,
gk is equal to g on N(p, r). Hence, Σk is stable minimal in (M,g).
Since {Ωk}k converges to L , the sequence {Σk}k converges to some subset
of L . In addition, the intersection L ∩N(p, r) has the unique component,
BLt(p, r). Hence, Σk converges to B
Lt(p, r).
In the following, we show that BLt(p, r) is stable minimal for any r > 0.
Step 1: Define the function dk : Σk → R.
Let N(x) be the unit normal vector of Lt at x and πk := π|Σk . The map
πk : Σk → B
Lt(p, r) is a covering map for k large enough.
We define the function dk : Σk → R as follows:
dk(x) =< exp
−1
πk(x)
(x), N(πk(x)) > .
Step 2: πk is injective.
Recall that the area of Ωk is finite. The subset Σk has a finite area.
Therefore, πk is a finite cover for k large enough.
We argue it by contradiction. Suppose that πk is a m-sheeted covering
(m > 1). Let us consider three sets in Σk as follows:
ITop :=
{
x ∈ Σk|dk(x) = max{dk(x
′)|x′ ∈ π−1k (πk(x)}
}
;
IMed =
{
x ∈ Σk|min{dk(x
′)|x′ ∈ π−1k (πk(x))} < dk(x) < max{dk(x
′)|x′ ∈ π−1k (πk(x)}
}
;
IBot =
{
x ∈ Σk|dk(x) = min{dk(x
′)|x′ ∈ π−1k (πk(x))}
}
.
From the homotopy lifting property of πk and m > 1, these disjoint three
set are open. In addition, Σ = ITop ∐ IMed ∐ IBot. Since Σk is connected,
there are at least two empty sets in these three sets.
However, since m > 1, ITop and IBot are two nonempty sets. This is in
contradiction with the last paragraph. We conclude that πk is injective.
Step 3: The stability of BLt(x, r).
As in Step 2, Σk can be written as the graph of some function fk over
BLt(p, r) for k large enough. The sequence {fk} converges in C
0,α-topology.
Since Σk is stable minimal, we use [Theorem 2, Page 211] of [Sch83] and
PDE theory to have that the sequence {fk} converges in C
m,α-topology for
m ≥ 2. Namely, Σk converges to B
Lt(p, r) in Cm,α-topology, where m ≥ 2.
Therefore, BLt(p, r) is stable minimal for any r > 0.
Therefore, we can conclude that Lt is stable minimal.
32 JIAN. WANG
If Lt is 1-sided, we consider the double cover N̂(Lt) of N(Lt) and the lift
Lˆt of Lt. We choose r large enough so that B
Lt(p, r) ⊂ Lˆt is 1-sided. Its lift
̂BLt(p, r) is connected and 2-sided in the lift N̂(p, r) of N(p, r).
Let Σˆk be one component of the pre-image of Σk. It is a stable minimal
surface for k large enough. The reason is as follows:
For k large enough, Σk is stable minimal. The map Σˆk → Σk is a m
′-
sheeted cover map, where m′ ≤ 2.
Ifm′ = 1, the map Σˆk → Σk is isometric. Therefore, Σˆk is stable minimal.
If m′ = 2, we use Lemma 7.8 to have that Σˆk is stable minimal.
As in Step 1, we define the projection πˆ : N̂(Lt) → Lˆt and the function
dˆk : Σˆk → R.
The sequence {Σˆk} converges to ̂BLt(p, r). The map πˆk := πˆ|Σˆk is a cover
map for k large enough. Since Area(Σk) ≤ Area(Ωk) <∞ and Area(Σˆk) ≤
2Area(Σk), Σˆk has a finite area. Therefore, πˆk is a finite cover for k large
enlarge.
As in Step 2 and Step 3, ̂BLt(p, r) is stable minimal. From Lemma 7.8,
BLt(p, r) is stable minimal for r large enough. Namely, Lt is stable minimal.

Theorem 5.9. If (M,g) has positive scalar curvature, each leaf in L is
non-compact.
Proof. We argue by contradiction. Suppose that there exists a compact leaf
Lt in L .
Step 1: Topology of Lt
From the positivity of the scalar curvature, we use [Theorem 5.1, Page
139] in [SY79a] to have that Lt is a 2-sphere or a projective plane.
If Lt is a projective plane, Lt is 1-sided. Hence, M \ Lt is connected.
There is a an embedded curve γ in M which intersects Lt transversally at
one point. The intersection numberof Lt and γ is ±1.
However, γ is homotopically trivial, since M is contractible. Hence, the
intersection number of γ and Lt is zero, a contradiction.
We can conclude that Lt is a 2-sphere.
Step 2: Area Estimate.
Since M is contractible, it is irreducible (See Section 2.1). Then, there is
a 3-ball B ⊂M with boundary Lt. Let N2ǫ(B) be the tubular neighborhood
of B with radius 2ǫ. The set N2ǫ(Lt) is a subset of N2ǫ(B).
Since N2ǫ(B) is relatively compact, there is a positive integer k0, such
that N2ǫ(B) ⊂ Nk0−1.
From now on, we fix the integer k > k0. Let {Σ
j
k}j be the set of compo-
nents of Ωk ∩N2ǫ(Lt).
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In the following, we show that there is a constant C, independent of k
and j, so that the area of Σjk in (M,g) is less than C
We may assume that Ωk intersects ∂N2ǫ(B) transversally. The intersec-
tion Ωk ∩ ∂N2ǫ(B) := {γi}i has finitely many components. Each component
γi is a circle and bounds the unique closed disc Di in Ωk.
Since ∂N2ǫ(B) is a 2-sphere, there is an embedded disc D
′
i ⊂ ∂N2ǫ(B)
with boundary γi. We have that for any Di,
Area(Di, gk) ≤ Area(D
′
i, gk),
where Area(Di, gk) is the area of Di in (Nk, gk). (If not, we consider the
disc (Ωk \Di) ∪γi D
′
i with boundary ∂Ωk. Its area is less than the area of
Ωk in (Nk, gk), a contradiction. )
Let Cmax be the set of maximal circles of {γi}i in Ωk. We have that
Ωk ∩N2ǫ(Lt) ⊂ Ωk ∩N2ǫ(B) ⊂ ∐γi∈CmaxDi.
(If not, some component of Ωk ∩ N2ǫ(B) ⊂ Nk0 contains the set Ω
k
j \
∐γi∈CmaxDi. Hence, the boundary ∂Ωk ⊂ ∂Nk is contained in Nk0 . How-
ever, Nk0 is in the interior of Nk,(since k > k0), a contradiction. )
We see that Σjk is a subset of some Di.
Recall that gk|N2ǫ(B) = g|N2ǫ(B) for k > k0. For each k and j, we have
that
Area(Σjk, gk) = Area(Σ
j
k, g)
Area(∂N2ǫ(B), gk) = Area(∂N2ǫ(B), g)
We then have that
Area(Σjk, g) = Area(Σ
j
k, gk) ≤ Area(Di, gk)
≤ Area(D′i, gk) ≤ Area(∂N2ǫ(B), gk)
= Area(∂N2ǫ(B), g).
We conclude that for each k > k0 and j,
Area(Σjk, g) ≤ Area(∂N2ǫ(B), g).
Step 3: Contradiction.
Choose a point p ∈ Lt and a point pk ∈ Ωk∩Nǫ(Lt) so that limk→∞ pk = p.
Let Σjkk be the component of Ωk ∩ N2ǫ(Lt) passing through pk. As the
proof in Step 2, we have that for k > k0,
Area(Σjkk , g) ≤ Area(∂N2ǫ(B), g).
From the result of Schoen [Sch83], the curvatures of these surfaces {Σjkk }k
are uniformly bounded in N2ǫ(Lt). By Theorem 5.4, the sequence {Σ
jk
k } sub-
converges smoothly to a properly embedded surface Σ with finite multiplicity
in Nǫ(Lt).
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For our convenience, we assume that {Σjkk } converges smoothly to Σ in
Nǫ(Lt). The limit Σ ⊂ L is a disjoint union of connected embedded surfaces.
Its boundary is contained in ∂Nǫ(Lt). In addition, p is contained in Σ.
Hence, Lt is one component of Σ.
Since Σ is properly embedded, the set Σ′ := Σ \ Lt is a closed set. The
sets Σ′ and Lt are two disjoint closed sets. Choose δ < ǫ/2 small enough so
that
N2δ(Lt) ∩N2δ(Σ
′) = ∅.
Claim: For k large enough, Σjkk is contained in Nδ(Lt)∐(N2ǫ(Lt)\N2δ(Lt)).
Since Σjkk is a subset of N2ǫ(Lt), Σ
jk
k \N2δ(Lt) is contained in N2ǫ(Lt) \
N2δ(Lt). It is sufficient to show that Σ
jk
k ∩N2δ(Lt) is contained in Nδ(Lt).
For k large enough, Σjkk ∩Nǫ(Lt) is contained inNδ(Σ), since Σ
jk
k converges
to Σ in Nǫ(Lt). Hence, Σ
jk
k ∩N2δ(Lt) is a subset of N2δ(Lt) ∩Nδ(Σ). From
our choice of δ, we have that
(1) Nδ(Σ) is equal to Nδ(Lt) ∐Nδ(Σ
′);
(2) Nδ(Σ
′) ∩N2δ(Lt) is empty.
By (1), N2δ(Lt) ∩ Nδ(Σ) is equal to Nδ(Lt) ∐ (Nδ(Σ
′) ∩ N2δ(Lt)). From
(2), it is equal to Nδ(Lt). Therefore, Σ
k
jk
∩N2δ(Lt) is contained in Nδ(Lt).
This finishes the proof of the claim.
For k large enough, pk is contained in Nδ(Lt). Namely, Σ
jk
k ∩ Nδ(Lt) is
non-empty. In addition, since ∂Σjkk ⊂ ∂N2ǫ(Lt) is non-empty, Σ
jk
k ∩(N2ǫ(Lt)\
N2δ(Lt)) is also nonempty.
The sets Nδ(Lt) and N2ǫ(Lt) \N2δ(Lt) are disjoint. Since Σ
jk
k is con-
nected, we use the claim to have that one of these two sets, Σjkk ∩ Nδ(Lt)
and Σjkk ∩ (N2ǫ(Lt) \ N2δ(Lt)), is empty. This is in contradiction with the
last paragraph.
We can conclude that each leaf Lt is non-compact. 
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